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Overview

Part | - Kinetic modeling

« What is modelling about?

» Kinetic models of biochemical pathways
» Simulation and dynamic behaviour

» Model fitting

Part Il - Constraint-based modelling
* Network reconstruction
* Flux Balance Analysis (FBA)

Part lll - Other dynamical cell models
Whole-cell models

Gene expression models

Stochastic simulation

Spatial simulation models

Model formats and tools

Part IV - Data analysis and regression
* Principal Component Analysis

» Clustering

« Linear regression

Blackboard session (Wednesday / Thursday)
« Advanced kinetic modelling and enzyme costs



How can a living cell emerge from
sugar, water, and a couple of salts?

Minimal Medium for E. coli

Glucose 5 g/l
Na,HPO, 6 g/l

KH,PO, 3 g/l
NH,Cl 1 g/l
NaCl 0.5 g/l

MgsO,  0.12 g/l
caCl,  0.01g/l



Minimal Medium for E. coli

Glucose 5 g/l
Na,HPO, 6 g/l

KH,PO, 3 g/l
NH,Cl 1 g/
NaCl 0.5 g/l

MgSO,  0.12 g/l
CaCl,  0.01g/

How can a living cell emerge from
sugar, water, and a couple of salts?

L'essentiel est invisible pour les yeux.
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From pictures of cells to mathematical models



Simulation models are simple pictures of cells,
N a mathematical form

(a) Biological system (b) Mental model (c) Model scheme
il ':.;'.- > Activation / Protein X
Protein Y
(d) Process model (e) Dynamical model (f) Quantitative results
A
0—-X : a; = vg (const.) dz/dt = wvo—#hxT = X
=
X—=0 : ag=#x[X] dy/dt = fyxz—kKyy b Y
0—-Y : a3=fy-[X] 3:(0) = o @
-
Y—=0 2 as=ky-[Y] y(0) = wo 3

Y

Time



How can we translate network schemes
into simulation models?

(a) Allosteric regulation

i )
PEP Pyruvate
Glucose [ext] / » F6P » Ribose-5-Phosphate
ATP
O_
FBR
2< ) 2
3-Phospho-glycerate
\b
ATP
PEF;)) ATP
il\ ATP / %
ATP /T/
Pyruvate >
ATP \
j Biomass
Oxaloacetat & Citrate
[eliciicip 8 Mgate 2-Oxoglutarate
10 ATP Glutamate
. J
ATP > O
Metabolite Reaction Activation/induction

(b) Transcriptional regulation

r

PEP Pyruvate

»

Gilucose [ext]

\

Acetate [ext]

Pyruvate [ext]

F6P

»
>

i

—O GleT

Pyruvate

>

~

Ribose-5-Phosphate

—>

»

>

Oxaloacetate Citrate
O MaR =
/ é t \ \ I_CcpC
I
Malate [ext] > Ma'g‘e> 2-Oxoglutarate
10 ATP ’K / Glutamate
CpPA O - === === ===
\_

Inhibition/repression

CggR

Transcription factor

Acetate [ext]

Pyruvate [ext]



What aspects of a pathway do we want to model?

Metabolites Reactions

ATP
ADP

Aspartyl-P

HoTkmen NADPH
NADP+,P

o]
HOWH Aspartate
NH, O
]
OWILOH
o fH

Asp semiald
NADPH
NADP+

)
M{H
HO™ ™y
NH, ©
0
HoJ\{\/OH Homoserine
i
O
HOJ\:/\ OH

ATP
ADP

NH, ©-P-0H P-Homoserine
]
O OH $ P
HO “on Threonine



What aspects of a pathway do we want to model?

Metabolites  Reactions Enzymes

o]
HOWH Aspartate

N, O ATP
-—— 2.7.24
ADP

O NH, Aspartyl-P
oL NADPH
-—1.2.1.11

NADP+,P

o}
HOJK{\I(H Asp semiald
NH, O
O
HOJ\E/\/OH
N,

NADPH
$ ~t— 1.1.1.3
NADP+

Homoserine
ATP
- 2.7.1.39

o
S A ADP

NH, ©-P—OH P-Homoserine

P

O oH
HOJ\E/-\CHQ Threonine
NH,




What aspects of a pathway do we want to model?

Metabolites Reactions Enzymes Metabolic
regulation

]
HOWH Aspartate Lysine

MH, O ATP
- 2.7.2.4
ADP

O NH, Aspartyl-P
Hoimon NADPH
-—1.2.1.11

NADP+,P

o}
HOJK{\I(H Asp semiald
NH, O
O
HOJ\E/\/OH
N,

NADPH
é ~t— 1.1.1.3
NADP+

Homoserine
ATP
- 2.7.1.39

]
S ADP

NH, ©-P—OH P-Homoserine

P

O OH
HOJ\E/-\CHQ Threonine
NH,




What aspects of a pathway do we want to model?

Metabolites  Reactions  Enzymes Metabolic Transcriptional
regulation regulation
]
Aspartate Lvsine
HO™ ™y H y
k;\or@ ATP
- 2.7.2.4
o i ADP
OH
o NH, Aspartyl-P
o NADPH
-
o NADP+,P
HOJKE/\(H Asp semiald
RH, O NADPH
-
5 NADP+
HOJ\;/\/OH Homoserine
R, ATP
<
i ADP
HOJ\N{QE-?TOH P-Homoserine
]
$<— 4.2.3.1
P

o OH
HOJ\E/-\CHQ Threonine
NH,



What aspects of a pathway do we want to model?

Metabolites  Reactions  Enzymes Metabolic Transcriptional
regulation regulation
]
Aspartate Lysine
HO™ H y
k;\or@ ATP
- 2.7.2.4
o i ADP
OH
o NH, Aspartyl-P
HeTEen NADPH
——
5 NADP+,P
HOJKE/\(H Asp semiald
RH, O NADPH
—
5 NADP+ o
HOJ\_/\/OH Homoserine Transcription
i ATP factors
—
o ADP
HOJ\N{QE—?TOH P-Homoserine
]
$<— 4.2.3.1
P

o oM
HOJ\E/-\CHQ Threonine
NH,



Modelling approaches cover different levels of complexity

Model Size

Topological Analysis

Flux Balance Analysis

%1 +V2 =V3

solweulq

Kinetic modeling

So_’Sl_’|Sz

ads
— =N -v(S, )
dt P

S%/\/
>




What kinds of questions do we want to answer?

Nuclotids

 What compounds can the cell produce, and on what media can it survive?
« What do the metabolic fluxes look like?

« How do fluxes and metabolite levels respond to varying conditions?

« How would a mutation change the cell state?

« How big are the differences between individual cells?

« How can we answer all these questions with limited data?



Kinetic models of metabolic pathways



Kinetic models describe the dynamics of biochemical reactions

o o o OH
HOJ\:/\/OH HOW oH HDJ\E/:\CHG
i, NH, O—E—OH fH,
(O U9
A > B >C
Homoserine Phospho- Threonine

homoserine



Kinetic models describe the dynamics of biochemical reactions

Ho™ ™

A,

U]

Kinetic rate law: “mass-action kinetics”
How often does the reaction occur per time ?

0 o CH

A

Homoserine

HOJ\;/\ o HDJ\é/g\CH‘] vila b — k‘l a — kl— b
NH, 0-P-CH fn, ! +
0
V9 Ug(b, C) = k2_|_ b — ]{72_ C
o s A \
Phospho- Threonine _ .
homoserine reaction rate metabolite

kinetic concentration
constant



Kinetic models describe the dynamics of biochemical reactions

Kinetic rate law: “mass-action kinetics”
How often does the reaction occur per time ?

o] © e} %)H
P e A vi(a,b) =kiya—ki_b
MH, 2 N RH,
o
(5] U9 ’Ug(b, C) = k2_|_ b— k2_ C
A > B > + T \
Homoserine Phospho- Threonine . .
: reaction rate metabolite
homoserine kinetic concentration
constant

System equations
How do the concentrations change over time?

da/dt = —uv;
db/dt = v; — 9
de/dt = vy



Kinetic models describe the dynamics of biochemical reactions

© O OH
)
HOJ\/\/OH HOJ\;/\ G HOJ\E/\CHG
i NH, o—E—OH &
(O U9
A > B >C
Homoserine Phospho- Threonine
homoserine

concentration
change stoichiometric kinetic rate law

* coefficient (reaction rate)
dsz /
E nzl vi(s, k)

metabolite

concentrations  kjnetic parameters,
enzyme concentrations

Kinetic rate law: “mass-action kinetics”
How often does the reaction occur per time ?

vl(a, b) = ]C1_|_ a — kl_ b
Ug(b, C) = /C2_|_ b — ]{2_ C
reaction rate T metabolite

kinetic concentration
constant

System equations
How do the concentrations change over time?

da/dt = —uv;
db/dt = v; — 9
de/dt = vy



System equations - a more complicated example

Differential equations (ODESs)

d[S;l/dt = v, - v,
d[S,]/dt = v; - v,
d[S;]/dt = vq
d[S,l/dt = -v; + v,




System equations - a more complicated example

Differential equations (ODESs)

d[S;l/dt = v, - v,
d[S,]/dt = v; - v,
d[S;]/dt = vq
d[S,l/dt = -v; + v,

Metabolite

Concentrations

Reaction rates

A

V1 VZ
|
0 0
0 0
0 0
\

Vs V, Vs

0
1
0

-1

Stoichiometric Matrix

0

-1
0

1

0\

0
1

0

/

=

w

Lnh b1 h” O

»



System equations - a more complicated example

Differential equations (ODESs)

d[S;l/dt = v, - v,
d[S,]/dt = v; - v,
d[S;]/dt = vq
d[S,l/dt = -v; + v,

Metabolite

Concentrations

(S,
—> Sz
—_ 53
\ >4
71 -1
0O O
0O O
0O O
\_

Reaction rates

\
—»
vV =
J
0 0 O\
1 -1 0
0 0 1
-1 1 0
N

A

Stoichiometric Matrix

V, V, V3V, Vo

71 -1 0 0 0O\ S,
0 0 1-10]s,
0 0 0 0 1 g

KOO-llOJSLl

0O +0 +O +0 v,
\0 +0 -v; +v, +0

d[S]/dt



The irreversible Michaelis-Menten rate law

Substrate
Ll } () S, E — E kca
Enzym o
e




Reaction rate v(S)

The irreversible Michaelis-Menten rate law

Substrate
@ Rate v(S,E) i g
> P) v(S,E)=FEk
__ ( ’ ) cat S ‘|— KM
Enzym Vimax
e
A Maximal velocity V. =EKk__ Variables:

» Substrate concentration s

« Enzyme concentration E

» Half-maximal rate Parameters:

. K, value (in mM): inverse binding affinity
« Catalytic constantk__ (in 1/s)
Maximal number of conversions

> per time and enzyme molecule
K, value Substrate concentration S



Dynamic behaviour and steady states



Differential equations describe the change in a moment -
numerical integration yields the overall behaviour in time

O—=O~2—>@—~@—~E—~6—

—
T
|
|
|

o
o

0.6

Concentration (a.u.)




Differential equations describe the change in a moment -
numerical integration yields the overall behaviour in time

O—O~2—=@—>4—=E—6—

Concentration (a.u.)

—_

W mwmwn oo n 0]

o o0 A W DN

0

-5

Time (a.u.)

10

15

20

A simple way to solve differential
equations numerically (“Euler method”)

« Consider fixed, small time step!
« Start with initial values s(t=0)
» Use the updating rule:

s(t + At) = s(t) + % At

* Repeat the last step many times




Dynamic behaviour depends on small detalls of a model

G I

.

©

O—~V~2—=>@—>4 =~

1 - - _
0.8

67

4

2

1 0
o o o !
(‘n"e) uonesuaouon
o
A
(o]
o

¥ o of
o o o
(‘n"e) uonesuasuon

1H - - =
0.8f
6



In steady states, all substance levels remain constant in time

Stationarity condition in kinetic models External metabolites (e.g. extracellular or buffered)
— Treated as fixed parameters
% —Nv=0 Intracellular metabolites (dynamic)
dr — Concentration varies due to chemical reactions
E.On‘:.itiontorl‘ the ‘;'IUX V?Ctlor ol Stationary (=steady) state
INEHC Tate 1aws do not play a role: A state in which all variables remain constant in time

Linear pathway Branch point

; .

A | &

O—1—+2—-3—~1—~6—+6— \1‘ . -
X—C | 8

2 |




An example: transcription rate and mRNA expression level

-| — — — Transcriptionf, - — — — 4

sy weus
- NN W
T

Transcription Degradation
v(t) K * x(t)

o
|
I
I
I
|

15
| @ | 1 -| Gene 1 -
Expression value x(t) 0

(MRNA level) 15 |
10t

0 10 20 30 40 50
Time, a.u.

Exercise 1:
Write down the differential equation for x

Exercise 2:
Solve the equation. Assume that x(0) = 10 nM, k = 1 /min, and v(t) = 0.

Exercise 3:
Assume a constant v(t) = 20 nM/s, k=0.1 / min, and determine the steady-state value of x.



Dynamic behaviour in time and in phase space

Time course Phase plane
2 X, 2}
1F 1+t
’%l 0 Xo !
< Or Or ¢
-1 -1
—2 =2
0 1 2 3 4 5 -2 -1 0 1 2



Dynamic behaviour in time and in phase space

Time course Phase plane
2 X4 2"
T 1F
>E‘:| X2 Oy
SR Or i
-1F -1
27T =2
0 1 2 3 4 5 -2 -1 0 1 2
Time Xq
Time course
21 oL
1.5 15}
" ~
s 1f Rl ]
0.5} 0.5F
0 C | ] ] | | | 0_ ] | 1 |
0O 10 20 30 40 50 60 0.5 1 1.5 2

Time X1



Mutual inhibition can lead to bistability
as a systemic behaviour




Mutual inhibition can lead to bistability
as a systemic behaviour

® @ o ®

yStA y i

»X \»X




Metabolic control:
quantifying the effects of parameter changes



Metabolic control analysis studies the systemic effects
of local parameter perturbations

Parameter change
higher substrate supply? Apm

Response
coefficients

\J

Metabolic change

altered concentrations? o~ DY
redirected fluxes? ASZ ~ Rpm Apm



Metabolic control analysis studies the systemic effects
of local parameter perturbations

1. Stationary concentrations s(p)

Parameter change Solutionof () = NV U(S(p), p)
higher substrate supply? Apm
2. Response coefficients
Response ] Systemic effe_ct:
fficients ux or concentration
coe A Slope at standard state =
“response coefficient”

\J

Metabolic change

altered concentrations? o~ DY
redirected fluxes? ASZ ~ Rpm Apm

Response
curve

Local cause:
e.g., single enzyme level



Local perturbations, in the long run,
change the entire metabolic state

X =)=~

Reaction rates
Reaction rates

—
Concentration y Concentration y

Two types of sensitivities in metabolic control analysis:
* Reaction elasticities
» Response (or control) coefficients



Model parameters, variability,
and model structure



A problem in kinetic modelling: each enzyme is different !!

Reversible mass-action kinetics (non-enzymatic)

v=ki,a—k_b

/7,,;1/4///;///1’1,’1:1::':'
///;///7,%//:’1111111"

/ I

)
7 4
Y~

Reversible Michaelis-Menten kinetics
_ VI (a /) — v (/)
L+ (a/ky') + (b/ky)

77y
227

727 7

How can we obtain all the necessary parameters ??



Another problem: parameters may depend on each other!

Reversible Michaelis-Menten kinetics
_ VI (a /) — v (b /)
L4 (a/ky) + (b/kg)

Thermodynamic constraints

Thermodynamic laws lead to dependencies between kinetic parameters

Chemical equilibrium Haldane relationship
e max ;.M
. eq eq ___ . Jmax aeq max beq eq . b q . V+ kB
0=v(@™b™) =vi" & v m = e S
KA kg a4 yI¥ky




How can we choose between two models?

True model (unknown) Model A Model B
—p e I

. TO <« T @ -0

Models before parameter fitting Models after parameter fitting
5 1 o Data 5 15 o Data
v - - = True model o *\ - — = True Model
o 0.8 —— Model A s 0.8 —— Model A, best fit|]
S 06l —Model B 506 ——Model B, best fit| |
S ©
S 0.47 € 047
2 =

2

8 0 o o 8 0.2

o
o
—

o

2 3 4 5 2 3 4 5
Time t a.u. Time t a.u.

o
—_

Some methods for model selection: Cross-validation — “Selection criteria” — Bayesian model selection



How models can be simplified
(hopefully, without losing too much accuracy)

(a) Omit elements (b) Fix elements (c) Simplify formulae

O—»O0—»0—»0—>0 .—»o—»o—»o—». O—>O—»0—>0—>0

>f< ; il
' $ o
(d) Lump elements (e) Dynamic black box model (f) Global flux modes

o—@ >0

>

—»0

O O—» O—»O0—>

M

— 0 O—»O




Variability and uncertainty of parameters can be
Mmathematically described

(a) Local sensitivity analysis (b) Bifurcation analysis (c) Variability analysis (d) Uncertainty analysis
Model Model
Model Small ode Change of Model N Output
output qualitative + Output uncertainty
change dynamics variability
4+ 4 +
Small parameter change Parameter change Parameter variability Parameter uncertainty

+« b Local linear S| Stable E = 5

§_ approximation % steady Yieesinse s - % %

8 o state -§ i @) (@]

g: Stable Variability Uncertainty
Input-output relation = , oscillation
Parameter Parameter Parameter Parameter

Some questions we might care about:
« What parameters have a strong effect on model behaviour?
« What model outputs are strongly affected?
« Under what parameter changes does the qualitative behaviour change, and how?
If a parameter varies between cells, how much variation do we expect in the model output?
If we are uncertain about a parameter, how uncertain will we be about model outputs?
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